We study a class M of cyclically presented groups that includes both finite and infinite groups and is defined by a certain combinatorial condition on the defining relations. This class includes many finite metacyclic generalized Fibonacci groups that have been previously identified in the literature. By analysing their shift extensions we show that the groups in the class M are are coherent, subgroup separable, satisfy the Tits alternative, possess finite index subgroups of geometric dimension at most two, and that their finite subgroups are all metacyclic. Many of the groups in M are virtually free, some are free products of metacyclic groups and free groups, and some have geometric dimension two. We classify the finite groups that occur in M, giving extensive details about the metacyclic structures that occur, and we use this to prove an earlier conjecture concerning cyclically presented groups in which the relators are positive words of length three. We show that any finite group in the class M that has fixed point free shift automorphism must be cyclic.
Introduction
Given a positive integer n, let F be the free group with basis x 0 , . . . , x n−1 and let θ : F → F be the shift automorphism given by θ(x i ) = x i+1 with subscripts modulo n. Given a word w representing an element of F , the group G n (w) = x 0 , . . . , x n−1 | w, θ(w), . . . , θ n−1 (w)
is called a cyclically presented group. The shift defines an automorphism of G n (w) with exponent n and the resulting Z n -action on G n (w) determines the shift extension E n (w) = G n (w)⋊ θ Z n , which admits a two-generator two-relator presentation of the form E n (w) = t, x | t n , W
where W = W (x, t) is obtained by rewriting w in terms of the substitutions x i = t i xt −i (see, for example, [33, Theorem 4] ). The shift on G n (w) is then realized by conjugation by t in E n (w). The group G n (w) is recovered as the kernel of a retraction ν 0 : E n (w) → Z n = t | t n that trivializes x. In the fifty years since Conway's question in [20] , the systematic study of cyclically presented groups has led to the introduction and study of numerous families of cyclic presentations with combinatorial structure determined by various parameters. These include the Fibonacci groups F (2, n) = G n (x 0 x 1 x −1
2 ) [20] and a host of generalizing families including the groups F (r, n) [33] , F (r, n, k) [11] , R(r, n, k, h) [14] , H(r, n, s) [15] , F (r, n, k, s) [16] (see also, for example, [49] ), P (r, n, l, s, f ) [43] , [54] , H(n, m) [26] , G n (m, k) = G n (x 0 x m x −1 k ) [32, 17, 1, 53] , and the groups G n (x 0 x k x l ) [18, 24, 7] .
A number of these articles identify infinite families of cyclic presentations that define finite metacyclic groups. One purpose of this article is to give a unified explanation for results of this type that appeared in [13] , [14] , [15] , [24] , [33] , see Corollaries 9-12 below. Our approach leads to the identification of new infinite families of cyclic presentations that define finite metacyclic groups, including but not limited to the class of presentations treated in [43] , see Corollary 8 and Corollary B.
All of the cyclic presentations discussed in the preceding paragraph have a common combinatorial form. Given integers f and r ≥ 0, let Λ(r, f ) = r−1 i=0
x if (2) be the positive word of length r consisting of equally spaced generators, starting with x 0 and having step size f (where an empty product denotes the empty word). We call any shift of Λ(r, f ) or its inverse an f -block and we say that a cyclically presented group G is of type F if there is an integer f such that G ∼ = G n (w) where w is a product of two f -blocks. All of the cyclically presented groups mentioned in the previous paragraphs are of type F. For example, any word w of length three defines a group G n (w) of type F. The groups F (r, n) are defined by the word w = x 0 x 1 . . . x r−1 x −1 r , which is the product of two one-blocks having lengths r ≥ 1 and one. The fact that every finite group is a quotient of a group of the form F (r, n) [33, Theorem 2] indicates the diversity of the class of groups of type F and the need to carefully identify subclasses of these groups in order to prove general results. A starting point is the following well-known combinatorial description of the shift extension.
Lemma 1. A cyclically presented group G is of type F if and only if there exist
integer parameters r, n, s, f, A, B such that (r − s)f ≡ B − A mod n and G is isomorphic to the kernel of the retraction of the group E = t, y | t n , y r t A y −s t −B .
onto the cyclic subgroup of order n, generated by t, that is given by ν f (t) = t and ν f (y) = t f .
Proof. Working in the free group F with basis x 0 , . . . , x n−1 , we are given that G ∼ = G n (w) where w is the product of two f -blocks, so that w = θ a1 (Λ(r 1 , f )) δ · θ a2 (Λ(r 2 , f )) ǫ where r 1 , r 2 ≥ 0 and δ, ǫ = ±1. Up to cyclic permutation and inversion, we may assume that a 1 = 0 and δ = +1. Setting a = a 2 , the word w has the form w = Λ(r 1 , f ) · θ a (Λ(r 2 , f )) ǫ . Introducing x, y, t and setting x i = t i xt −i and y = xt f , the word w transforms to W = y r1 t −r1f · t a (y r2 t −r2f ) ǫ t −a and the shift extension G n (w) ⋊ θ Z n admits a presentation y, t | t n , W . If ǫ = +1, then the first claim follows by setting r = r 1 , s = −r 2 , A = a − r 1 f , and B = a + r 2 f , while if ǫ = −1, we set r = r 1 , s = r 2 , A = a + (r 2 − r 1 )f , and B = a. Conversely, given the retraction ν f : E → Z n , a standard ReidemeisterSchreier process (see e.g. [7, Theorem 2.3] ) shows that ker ν f ∼ = G n (w) ∼ = G where w is the product of two f -blocks.
Example 2 (Non-isomorphic cyclically presented groups sharing the same extension). The generalized Fibonacci group F (3, 6) is G 6 (x 0 x 1 x 2 x −1
3 ) and has extension E = F (3, 6) ⋊ θ Z 6 ∼ = t, x | t 6 , xtxtxtx −1 t −3 y=xt ∼ = t, y | t 6 , y 3 ty
The extension E admits retractions ν f : E → Z 6 = t satisfying ν f (t) = t and ν f (y) = t f when 2f − 2 ≡ 0 mod 6, i.e. for f = 1, 4 mod 6. As described at (3) in [7, Theorem 2.3] , the kernel of ν 1 is F (3, 6) = G 6 (x 0 x 1 x 2 x −1
3 ) with the generators x i = t i xt −i = t i yt −1−i ∈ E. The kernel of ν 4 is the cyclically presented group G 6 (y 0 y 4 y 2 y −1 3 ) with generators y i = t i yt −4−i ∈ E. Renaming the generators of this group as u i = y −i with subscripts modulo 6, the kernel of ν 4 is isomorphic to the group G 6 (u 0 u 2 u 4 u −1
3 ), which is the group R(3, 6, 5, 2) of [14] . The group E has order 9072, so as observed in [14] the orders of F (3, 6) and R(3, 6, 5, 2) coincide, both being equal to 1512. The Sylow subgroup structure of the groups F (3, 6) and R(3, 6, 5, 2) are described in [12, page 165] and [14, page 175] , respectively. A calculation in GAP [25] shows that F (3, 6) is solvable with derived length 4, whereas R(3, 6, 5, 2) is solvable with derived length 3. Thus F (3, 6) ∼ = R(3, 6, 5, 2). (For completeness we note that E is solvable with derived length 4.) Now the fact that
implies that the intersection ker ν 1 ∩ ker ν 4 has index two in ker ν 1 ∼ = F (3, 6). Thus the non-isomorphic groups F (3, 6) and R(3, 6, 5, 2) share the common extension E and they meet in a common normal subgroup of index two within that extension.
Our main results involve a number of concepts pertaining to infinite groups. The following information on dimensions of groups may be found in [8] . The geometric dimension (gd (G)) of a group G is the least nonnegative integer d such that G is the fundamental group of an aspherical CW complex of dimension d. If no such d exists, gd (G) = ∞. The cohomological dimension (cd (G)) of G is the least nonnegative integer d such that there exists a projective ZGresolution of the trivial module Z of length at most d, or cd (G) = ∞ if no such d exists. For any G we have cd (G) ≤ gd (G) and if H is a subgroup of G then cd (H) ≤ cd (G) and gd (H) ≤ gd (G). We have cd (G) = 0 if and only if gd (G) = 0 if and only if G = 1, and by a theorem of Stallings [46] and Swan [47] we have cd (G) = 1 if and only if gd (G) = 1 if and only if G is free and nontrivial (see [8, Example 2.4(b) ]). Thus if gd (G) ≤ 2 then cd (G) = gd (G). In cases where cd (G) = gd (G) = d, we say that G is d-dimensional. Any group of finite cohomological dimension is torsion-free (see [8, Example 2.4(e)]) and a theorem of Serre (see [8, Theorem 4.4] ) provides that if H is a subgroup of finite index in a torsion-free group G, then cd (H) = cd (G). Thus it follows that if G possesses a finite index subgroup of geometric dimension at most two, then G is virtually torsion-free, all torsion-free subgroups have geometric dimension at most two, and all torsion free subgroups of finite index have the same geometric dimension. Similarly, in a group that is virtually free in the sense that it possesses a free subgroup of finite index, all torsion-free subgroups are free.
A group is coherent if each of its finitely generated subgroups is finitely presented. A group is subgroup separable or LERF if each of its finitely generated subgroups is the intersection of finite index subgroups. For finitely presented groups, subgroup separability implies that the membership problem is decidable for finitely generated subgroups [38] . In addition, any group that is subgroup separable is residually finite and so, if finitely generated, is Hopfian [38] . We make repeated use of the fact that if H is a finite index subgroup of K, then H is subgroup separable if and only if K is subgroup separable [44, Lemma 1.1] (see also [56, Lemma 2.16 
]).
Example 3 (Cyclically presented groups that are neither coherent nor subgroup separable).
, observing that w = x 0 x 1 x 3 is the product of two blocks with the same step size. A calculation in GAP [25] shows that the subgroup H of G generated by
is normal, isomorphic to the right angled Artin group F 4 × F 4 , and G/H ∼ = Z 3 × Z 3 . It follows that G and its shift extension E = y, t | t 8 , y 2 tyt 4 are residually finite. However, since the direct product of free groups F n × F n (n ≥ 2) contains a finitely generated subgroup that has undecidable membership problem [40] (or see [36, IV. Theorem 4.3] ) it follows that neither G nor its shift extension E is subgroup separable, and since F n × F n (n ≥ 2) is not coherent [27] , neither G nor E is coherent. We thank Andrew Duncan for a helpful conversation that led to this observation. We record that in [24, page 774] it was erroneously stated that H is isomorphic to
1 ) and note that G is a right angled Artin group and that for n = 4 we have that G ∼ = F 2 × F 2 . Since right angled Artin groups are linear [30] (see also [29, Corollary 3.6] ), the group G is residually finite. However, if n ≥ 4 then G is neither subgroup separable (by [39, Theorem 2] ) nor coherent (by [22, Theorem 1] ). (If n = 2 or 3 then G ∼ = Z n so it is both subgroup separable and coherent.) The 
1 ). The conclusions for G, noted above, therefore also apply to E and to H.
We now introduce the groups that are the subject of this paper. We consider cyclically presented groups G of type F that satisfy a certain condition relating the step size, block lengths, and signs occurring on the blocks that comprise the defining relator w.
where w is a product of two f -blocks having lengths r 1 and r 2 ; that is,
for some 0 ≤ a ≤ n − 1 where (r 1 + ǫr 2 )f ≡ 0 mod n.
The cyclically presented groups of type M are those for which the shift extension, described in Lemma 1, admits a particularly simple retraction onto the cyclic subgroup of order n generated by t. This enables a uniform analysis of all of the cyclically presented groups of type M.
Lemma 5.
A cyclically presented group G is of type M if and only if there exist integer parameters r, n, s, f, A such that (r − s)f ≡ 0 mod n and G is isomorphic to the kernel of the retraction of the group
Proof. Following the proof of Lemma 1, the condition (r 1 + ǫr 2 )f ≡ 0 mod n is equivalent to the condition (r − s)f ≡ 0 mod n and implies that the parameters A, B in (3) satisfy A ≡ B mod n. The conclusions of the lemma follow routinely.
Our strategy for identifying and analyzing the groups of type M is to work from the perspective of the shift extension E and its retraction onto the cyclic group of order n, as determined by parameters (r, n, s, f, A) where (r − s)f ≡ 0 mod n. To be explicit, the resulting group of type M has the form G n (w) where
We note that the condition (r − s)f ≡ 0 mod n implies that r − s is divisible by n/(n, f ) and that this latter condition plays a role in several of our arguments. The special nature of the shift extension for a group of type M means that for all choices of (r, n, s, A), we can take f = 0 and so the cyclically presented group
A ) is of type M. Indeed, every cyclically presented group of type M is commensurable with one of this form. As such, the following lemma plays a central role in all that follows. Example 7 (Cyclically presented groups G n (x 0 x k x l ) that lie in M). In [24] , the groups G = G n (x 0 x k x l ) were studied in terms of four conditions (A),(B),(C), (D) where, in particular:
(A) n ≡ 0 mod 3 and k + l ≡ 0 mod 3; (C) 3l ≡ 0 mod n or 3k ≡ 0 mod n or 3(l − k) ≡ 0 mod n.
Observe again that the defining word w = x 0 x k x l is a product of two blocks with the same step size. By cyclically permuting the relators we have that
where
′′′ are of the form (6) where r = 2, s = −1. With these values of r, s the condition f (r − s) ≡ 0 mod n becomes 3f ≡ 0 mod n and so the groups
As a corollary of one of our main results concerning groups in M we prove a conjecture and reprove a lemma from [24] that together deal with the groups G n (x 0 x k x l ) when condition (C) holds.
Theorem A below concerns the structure of the group E; part (d) should be compared with the fact that the class of Baumslag-Solitar groups B(r, s) = t, y | y r ty −s t −1 includes both non-Hopfian groups and non-residually finite groups [2] . Recall that a group G is metacyclic if it has a cyclic normal subgroup K such that G/K is cyclic. (Metacyclic groups have derived length 2, so the groups in Example 2 are not metacyclic.)
Theorem A. Given integer parameters (r, n, s, A) with n > 0, let E = E(r, n, s, A) be the group with presentation t, y | t n , y r t A y −s t −A . Then:
The group E is finite if and only if r n/(n,A) = s n/(n,A) and either Since G = G n (w) is a finite index subgroup of the shift extension E = E(r, n, s, A), we have the following corollary: More detailed analysis is given in Section 3. For the case where r n/(n,A) = s n/(n,A) Theorem 17 describes which values of the parameters produce virtually free groups that are non-elementary and which produce virtually infinite cyclic ones. Whenever (n, A) or (r, s) = 1, the group E in (5) splits nontrivially as an amalgamated free product. Given f for which f (r − s) ≡ 0 mod n, the subgroup theorem for graphs of groups implies that if G = G n (w) where w is given as in (6) , then G is expressible as the fundamental group of a graph of groups. In practice one can work out the graph of groups description in full detail. We use these techniques in the proof of our second main theorem, Theorem C, below. We also use them to show that if (n, A)(n, gf ) = n(n, A, gf ), where g = (r, s), then every finite subgroup of G is cyclic (Theorem 18). When r n/(n,A) = s n/(n,A)
Theorem 21 shows that in many cases the group G is torsion-free and has geometric dimension equal to two, so is not a free group. In Corollary 22 we use Theorem A and Theorem 21 to show that E (and hence G) satisfies a strong form of the Tits alternative. Namely that it either contains a finite index subgroup that surjects onto the free group of rank 2 or is virtually abelian; a group satisfying the former property is said to be large. Theorem 3.1 of [10] shows that deficiency one LERF groups are either large or of the form F l ⋊ Z (for some l ≥ 0). Corollary 22 can be viewed as a starting point for explorations into similar results for deficiency zero LERF groups and for cyclically presented LERF groups.
A group L is metacyclic if and only if it has cyclic subgroups
If L has a metacyclic factorisation L = SK with S ∩ K = 1 then L is a split metacyclic group and S is the complement of K. Any finite metacyclic group L arises in a metacyclic extension Z M ֒→ L ։ Z N and has a presentation of the form
In particular, when L admits a balanced (or cyclic) presentation, then H 2 (L) = 0, so we may take λ = 1; in this case L admits a 2-generator, 2-relator presentation [5, IV.2.9]. When L is split metacyclic one can also take λ = 0 (see, for example, [5, (2.5)]).
The next result describes the structure of the groups in M when r n/(n,A) = s n/(n,A) and (r, s) = 1 and so is a refinement of Corollary B(b).
Theorem C. Let G be the cyclically presented group in the class M determined by the integer parameters (r, n, s, f, A) where
where rr ≡ 1 mod µ and αᾱ ≡ 1 mod n/(n, A) where α = A/(n, A). Then G is a free product of (n, A, f ) copies ofḠ together with the free group of rank k = (n, A) − (n, A, f ):
is a free product of cyclic groups.
The following corollary gives a complete identification of the structure of the groups G n (x 0 x k x l ) when condition (C) holds (see Example 7). In particular, the first case proves [24, Conjecture 3.4] , the second case identifies the structure of the group G n (x 0 x k x l ) when k = 0 or l = 0 or k = l given on [24, 
(where congruences are mod n).
The following immediate corollary to Theorem C describes the metacyclic structures of the nontrivial finite groups occurring in the class M.
Corollary E. Let G be the cyclically presented group in the class M determined by the integer parameters (r, n, s, f, A) where f (r − s) ≡ 0 mod n. Suppose that (r, s) = (n, A) = 1 and that µ = |r n − s n | = 0. Then G is the finite metacyclic group
Using Corollary E we also recover various other families of finite metacyclic cyclically presented groups from the literature and often provide additional detail about the metacyclic structure. Applying it to the Prischepov groups [43] 
(with r, s > 0) we have (by replacing A with l − 1):
In the case s = 1 we have that the groups P (r, n, l, s, k) coincide with the groups R(r, n, k, h) of [14] ; specifically, R(r, n, k, h) = P (r, n, (r−1)h+k+1, 1, h). Setting s = 1, f = h, l = (r − 1)h + k + 1 in Corollary 8 and noting that r · r n−1 ≡ 1 mod (r n − 1) we get
Under these hypotheses the groups R(r, n, k, h) were shown to be metacyclic of order (r n − 1) in the Corollary in [14] . If additionally we have h = 1 then we get the groups F (r, n, k) of [13] ; specifically, F (r, n, k) = P (r, n, r + k, 1, 1). Setting h = 1 in Corollary 9 we get
Under these hypotheses the groups F (r, n, k) were shown to be metacyclic of order (r n − 1) in Theorem 1 of [13] and the presentation B((r n − 1)/n, n, rk, 1), where kk ≡ 1 mod n, was obtained.
In the case f = 1, l = r + 1 the groups P (r, n, l, s, f ) are the groups H(r, n, s) of [15] . Setting f = 1, l = r + 1 in Corollary 8 we get Corollary 11. Suppose (n, r) = 1, (r, s) = 1, r = s, r ≡ s mod n. Then H(r, n, s) is the metacyclic group B((r n − s n )/n, n, (sr)Ā, 1) of order |r n − s n |, where rĀ ≡ 1 mod n and rr ≡ 1 mod (r n − s n ).
Under these hypotheses Theorem 3(ii) of [15] showed the groups H(r, n, s) to be metacyclic of order |r n − s n |, being an extension of a cyclic group of order |r n − s n |/n by a cyclic group of order n. In the case f = 1 the groups P (r, n, l, s, f ) coincide with the groups F (r, n, k, s) of [16] ; specifically, F (r, n, k, s) = P (r, n, r + k, s, 1). Setting f = 1, l = r + k in Corollary 8 we get
Under these hypotheses Theorem 2 of [16] showed the groups F (r, n, k, s) to be metacyclic of order |r n − s n | and the presentation B((r n − s n )/n, n,ŝr, 1) for F (r, n, k, s) was obtained, where sŝ ≡ 1 mod (r n − s n ). A celebrated theorem of J.Thompson [50] holds that a finite group with a fixed point free automorphism of prime order must be nilpotent. Restricting attention to the shift automorphism operating on a finite cyclically presented group in the class M, the next result asserts, in particular, that if any power of the shift is fixed point free then G is cyclic.
Theorem F. Let G be a finite and nontrivial group in class M determined by the integer parameters (r, n, s, f, A) where f (r−s) ≡ 0 mod n, and let 0 ≤ j < n. Then the fixed point subgroup Fix(θ j ) has order |r (n,j) − s (n,j) |. In particular, the automorphism θ j is fixed point free if and only if (n, j) = |r − s| = 1, in which case f ≡ 0 mod n and G is cyclic of order |r n − s n |.
The following notation will be used throughout this article:
M is the class of groups G where
where y E denotes the normal closure of y in E.
We conclude this introduction with an outline of the paper. In Section 2 we prove Theorem A (and hence Corollary B) by expressing E as an amalgamated free product of cyclic and metacyclic groups and carrying out a detailed study of this decomposition. In Section 3 we prove refinements of parts of Theorem A and Corollary B that apply to infinite groups E and their cyclically presented subgroups G and we prove the Tits alternative. In Section 4 we study the graph of groups decomposition of G and study the intersection of finite cyclically presented groupsḠ andΓ lying within G and Γ to obtain a metacyclic presentation ofḠ and prove Theorem C. We then apply this to the groups G n (x 0 x k x l ) to prove Corollary D. In Section 5, by studying the shift dynamics of Γ, we obtain the necessary information about the shift dynamics of G to prove Theorem F. We close by comparing the finite groups E and G obtained in this article with the finite groups J n (m, k) and their cyclically presented subgroups considered in [6] .
The Structure of the Group E
Our objective in this section is to prove Theorem A. Consider the group E n (w) in (1), and write
. . , β k ) and form the group
Since t has order n in E n (w), it follows that with the identifications v = t b and u = x h , the group E n (w) splits as an amalgamated free product
where the cyclic groups u and v can be finite or infinite. In this notation we have Lemma 13. (a) Let P be any property of groups that is preserved by taking subgroups and is satisfied by all finite cyclic groups. If N satisfies P then every finite subgroup of E n (w) satisfies P .
Proof. (a) Using the free product decomposition (10), [21, I.7.11 ] implies that each finite subgroup H of E is conjugate to a subgroup of either t , N, or x . Since the property P is preserved by taking subgroups and all finite cyclic groups satisfy P , the result follows.
(b) If N is finite then x is finite so (10) gives that E n (w) is the fundamental group of a (finite) graph of finite groups so E n (w) is virtually free by the (easier part) of a theorem of Stallings [21, IV.1.6].
We now concentrate on the case where E = t, y | t n , y r t A y −s t −A as in (9) and form the group
where α = A/(n, A). We show in Lemma 14 below that the group M is split metacyclic of the form M = u ⋊ v where v has order n/(n, A) and the order of u can be finite or infinite. It follows that with the identifications v = t and u = y g , the group E splits as an amalgamated free product
where the cyclic groups u and y can be finite or infinite.
In the statement of the following lemma the parameters m, ρ, σ, α are any integers (with m ≥ 1); in our applications these parameters will take the roles specified in (9). Lemma 6 , where
Proof. Using a retraction ξ
Using the fact that (ρ, σ) = 1 we can chooseσ with σσ ≡ 1 mod ρ m − σ m . Note that if ρ m = σ m then the fact that (ρ, σ) = 1 implies that either ρ = σ = ±1 or else ρ = −σ = ±1 and m is even, in which case we haveσ = σ = ±1. Now the fact that u ρ m −σ m = 1 implies u = u σσ and we have
follows easily and since (m, α) = 1 we may apply an automorphism of Z m to obtain the presentation B(ρ m − σ m , m, ρσ, 0) in part (c). This in turn implies that M is finite if and only if u has finite order, which occurs precisely when ρ m = σ m , as in (a). As above, the claims in (b) follow routinely by taking account of the fact that (ρ, σ) = 1.
For the proof of Theorem A we will also need the following.
Lemma 15. The group
Proof. The first claim follows from the fact that y E is the kernel of a retraction of E onto the cyclic subgroup generated by t :
r−s ∼ = Z |r−s| obtained by trivializing t is the trivial group, so (r, s) is a divisor of |r − s| = 1.
Proof of Theorem A. If r = s = 0, then E = t, y | t n , y r t A y −s t −A is the free product E ∼ = Z n * Z, which is virtually free, so the conclusions of the theorem are easily verified in this case. So now we assume that either r or s = 0, so g = (r, s) = 0 and we have the tree of groups decomposition (11) . By Lemma 14 we have that M is a metacyclic group, and since subgroups of metacyclic groups are metacyclic, conclusion (a) follows from Lemma 13(a). Recall that m = n/(n, A). If r m − s m = 0 then by Lemma 14 we have that M is finite, so conclusion (b) follows from Lemma 13(b). If r m − s m = 0 then Lemma 14 gives that M is infinite and since M embeds in E (by [21, I.7.5]) we have that E is infinite. Suppose then that E is finite. By the same reasoning it follows from Lemma 14 that r m − s m = 0. Still assuming that E is finite, it follows (from [21, I.7.11] ) that E is equal to one of its subgroups t , M , or y . Because t ∼ = Z n is nontrivial and t ∩ y = 1 by Lemma 15, it follows that E = y , so E = t or M . If E = M then t ∈ v = t α and y ∈ u = y g , so a = (n, A) = 1 and g = (r, s) = 1, as claimed. So assume that E = t ∼ = Z n , in which case Lemma 15 provides that y ∈ t ∩ y = 1, so that y = 1 in E and hence |r − s| = g = 1. The fact that y = 1 implies that u = y It remains to verify the global properties expressed in statement (d). By (11) and Lemma 14 the group E is the fundamental group of a tree of groups where the edge groups are cyclic and the vertex groups are either cyclic or metacyclic, hence coherent. Then [55, Lemma 4.8] 
Thus Γ∩M is a subgroup of the infinite cyclic group u . Since Γ ∩ t is trivial, the subgroup theorem for free products with amalgamation [34] (or the structure theorem for groups acting on trees [21, I.4.1]) implies that Γ is the fundamental group of a graph of groups with vertex groups that are either trivial or infinite cyclic. That any such group is the fundamental group of an aspherical two-complex follows from [19, Theorem 4.6] . Thus E contains the finite index subgroup Γ with geometric dimension at most two.
To
it suffices to show that Γ is the fundamental group of a finite tree of groups where each vertex group is either trivial or infinite cyclic. The group Γ decomposes as a free product Γ ∼ = * 
Using the fact that r m = s m , it follows that either r = s = g or else r = −s = g and m is even, so by Lemma 6 we have that G m (y [35] for definitions) and so by [35, Proposition 2.6] it is virtually F k × Z for some k > 1, where F k denotes the free group of rank k. Therefore, if (n, A) = 1 then E is virtually F k × Z if r n = s n = 0 and is virtually free otherwise. We thank Jack Button for pointing this out to us.
The Structure of Infinite Groups in the Class M
In the notation (9) the groups E and G are finitely generated and when µ = 0 they are virtually free by part (b) of Theorem A and Corollary B. We can calculate the rational Euler characteristics ( [52] ) χ(E) and χ(G) = nχ(E) in terms of the amalgamated free product description (11) and these invariants relate directly to the rank of any finite index free subgroup as in [21, IV.1.10(1)].
In particular, E and G possess nonabelian free subgroups precisely when χ(E) < 0. The groups E and G are virtually infinite cyclic in the case when χ(E) = χ(G) = 0. The groups E and G are finite when χ(E) > 0. The following is a refinement of parts (b) and (c) of Theorem A and Corollary B.
Theorem 17 (Virtually Free Case).
With the notation (9) , assume that r n/(n,A) = s n/(n,A) .
(a) The groups G and E are virtually infinite cyclic if and only if one of the following holds:
(i) Proof. Using (11) we have
As a first case, suppose that rs = 0. Since µ = 0, it follows that exactly one of r or s is equal to 0 and this implies that µ = 1. So in this case we have
Thus the claims are true when rs = 0. Next suppose that (n, A) = 1. Then
and so the claims are true when (n, A) = 1. If A ≡ 0 mod n then, in particular, m = 1 and so
and so the claims are true when A ≡ 0 mod n. We can now assume that rs = 0, A ≡ 0 mod n, and (n, A) ≥ 2. Under the first two of these assumptions, together with the fact that µ = 0, we will show that µ ≥ 3. With this, using the fact that g ≥ 1 and (n, A) ≥ 2, we have
which is negative whenever µ ≥ 3. We complete the proof by showing that µ ≥ 3 in all cases. Since A ≡ 0 mod n, we have that m ≥ 2. Now, using the Mean Value Theorem, for some real number x satisfying |x| ≥ min
Now the fact that rs = 0 implies that |x| ≥ 1 and the fact that µ = 0 implies that |r|/g = |s|/g, and so the integer 
The rightmost part of this expression is at least 4, except possibly when {|r|/g, |s|/g} = {1, 2}, in which case the middle part of this expression is equal to 3. In all cases we are assured that µ ≥ 3.
Next, in Theorem 18, we offer a refinement of Corollary B(a), which deals with the finite subgroups of groups from the class M. We use the splitting E ∼ = t | t n * t (n,A) =v M * u=y g y as in (11) where
Theorem 18 (Only Cyclic Finite Subgroups). With the notation (9) , if the condition (n, A)(n, gf ) = n(n, A, gf )
is satisfied, then each finite subgroup of G is isomorphic to a subgroup of Z l where
In particular, if r n/(n,A) = s n/(n,A) and the condition (13) is satisfied, then G is torsion-free so has geometric dimension at most 2.
Proof. We first show that the intersection G ∩ M is contained in the cyclic normal subgroup u ∼ = Z µ of M if and only if (13) is satisfied. We have
Working in the finite group t ∼ = Z n , the condition (13) is equivalent to the assertion that the intersection A, gf ) .
is trivial and so if the condition (13) holds and (13) is satisfied. In the decomposition (11) 
g . Now considering the decomposition E ∼ = t * v M * u y and the fact that G ∩ t = 1, it follows from [21, I.7.11] that each finite subgroup of G is conjugate to a subgroup of y , or G ∩ M (which, by the above, is contained in u = y g ), and hence to a subgroup of G ∩ y . Now Lemma 14 implies that y ∼ = Z gµ and the image of the restricted retraction ν f | y : y → t ∼ = Z n is t f so G∩ y ∼ = y n/(n,f ) | y gµ ∼ = Z gµ/(gµ,n/(n,f )) . Now since f (r−s) ≡ 0 mod n we have that n/(n, f ) divides (r − s). Also gµ = (r − s)(ρ m − σ m )/(ρ − σ) so r − s, and hence n/(n, f ), divides gµ. Therefore (gµ, n/(n, f )) = n/(n, f ) so G ∩ y ∼ = Z gµ/(n/(n,f )) , as required. In particular, if r n/(n,A) = s n/(n,A) , then µ = 0 and so G is torsion-free so G has geometric dimension at most two by Theorem A(d).
Note that (13) is satisfied in the case f = 0 (ie for the groups Γ = G n (x r 0 x −s A )), and note that in the case (r, s) = 1 condition (13) is the same as condition (8) .
Example 19 (Finite subgroups of groups in M). The condition (13) is satisfied if (r, n, s, f, A) = (6, 24, 2, 12, 8) , so in this case every finite subgroup of G is finite cyclic with order dividing 26. The condition is not satisfied if (r, n, s, f, A) = (6, 24, 2, 6, 9). Here M is metacyclic of order 8(3 8 −1) generated by v = t 9 , u = y 2 and u has index 8 in M . We have that ker(ν
has index 2 in u so it follows that u 2 has index 2 in G∩M , which is therefore generated by u 2 = y 4 and an element of (G∩M )\ u 2 , such as
81 we have that u 2 and v 4 u do not commute so G ∩ M is a nonabelian metacyclic group of order 6560.
We now consider the occurrence of two-dimensional groups in the class M. It follows from Theorem A(d) that each group in M possesses a finite index subgroup of geometric dimension at most two and so the torsion-free groups in class M are of geometric dimension at most two. The class M does contain virtually free groups (Corollary B(b)) and it contains free groups such as G 3 (x 0 x 1 x 2 ), which is free of rank two. We now illustrate that the class M also contains groups that are not virtually free as well as groups with torsion that have torsion-free subgroups that are not free. x 1 is a free product of two infinite cyclic groups with subgroups of index 3 amalgamated. This group is torsion-free and has geometric dimension equal to two, being a nonabelian torsion-free one-relator group with nontrivial center, so it is not free. The condition (13) is not satisfied if (r, n, s, f, A) = (3, 2, −3, 1, 1). Here M is generated by v = t and u = y 3 and u has index 2 in M . We have that ker (ν f | M ) = ker(ν f )∩M = G∩M has index 2 in M and that u is normal in M so u ∩ ker (ν f | M ) = u 2 has index 2 in u so it follows that u 2 has index 2 in G∩M , which is therefore generated by u 2 = y 6 and an element of (G∩M )\ u 2 , such as ut = y 3 t. Then y 3 t ∩ y 6 = 1 so G ∩ M is an infinite dihedral group
In this case, setting
is not torsion-free, because x 2 0 x 1 = 1 implies G ∼ = Z 6 , a contradiction. Therefore G has infinite geometric dimension. However G does contain the index two subgroup G ∩ Γ of geometric dimension two, which is therefore torsion-free but not free.
Generalizing the previous example, we now wish to identify when the group G possesses a finite index subgroup of geometric dimension exactly two. By Corollary B(b), a necessary condition is that r n/(n,A) = s n/(n,A) = 0, which means that either r = s = 0 or else r = −s = 0 and n/(n, A) is even. In particular, g = (r, s) = r = 0.
Theorem 21 (Two-Dimensional Groups in M)
. With the notation (9) , assume that r n/(n,A) = s n/(n,A) = 0. n/(n, A) is even, r = −s = 0, (r, s)f ≡ n/2 mod n, and t n/2 is an odd power of t (n,A) in t ∼ = Z n , in which case G contains the infinite dihedral group y 2r ⋊ y r t n/2 ∼ = Z ⋊ Z 2 .
Proof. As in the final step of the proof of Theorem A(d), the index n subgroup Γ = y E is isomorphic to the free product of (n, A) copies of the group For the final claim, the group G is a subgroup of E = t * t (n,A) =v M * u=y g y where M is the semidirect product
Here, ǫ = r/s = ±1 and m is even if ǫ = −1. The group G is the kernel of the retraction ν = ν f : E → t ∼ = Z n where ν(t) = t and ν(y) = t f . Thus ν(v) = v = t (n,A) and ν(u) = t gf . By the subgroup theorem for amalgamated products [34] (or the structure theorem for groups acting on trees [21, I.4.1]), G is the fundamental group of a graph of groups where the vertex groups are conjugates of the intersections G∩ t , G∩M , and G∩ y . Moreover, any element of finite order in G is conjugate to an element of a vertex group [21, I.4.9] . Now G ∩ t is trivial and G ∩ y is infinite cyclic. In addition, each torsion-free subgroup of M ∼ = Z ⋊ ǫ Z m is infinite cyclic. This means that if G is torsion-free, then G is the fundamental group of a graph of groups where each vertex group is either trivial or infinite cyclic. As noted previously, this in turn implies that gd (G) ≤ 2 [19, Theorem 4.6] and, since G ∩ Γ is a finite index subgroup of G and of Γ, it follows that gd (G) = cd (G) = cd (G) ∩ Γ = cd (Γ) = gd (Γ) [21, IV.3.18] .
It remains to determine the conditions under which G ∩ M is not torsionfree. First note that if r = s, so that ǫ = 1 and M ∼ = Z × Z m = u × v , then all torsion elements of M lie in v and so it follows that G ∩ M is torsionfree because ν| v is injective. So now assume that r = −s = g = 0 and m is even. The fact that ν = ν f : E → Z n is a retraction implies the condition f (r − s) ≡ 0 mod n, which here means that 2gf ≡ 0 mod n. Now this implies that ν(u) = t gf is either trivial, so that u ∈ G ∩ M , or else t gf = t n/2 , in which case ν(u 2 ) = 1. If ν(u) = 1, then the fact that ν| v is injective implies that G ∩ M = G ∩ ( u ⋊ v ) = u , which is infinite cyclic. Thus the group G is torsion-free unless ν(u) = t gf = t n/2 and G ∩ M contains a nontrivial element of finite order. The elements of finite order in M have the form u i v j where i = 0 or j is odd. Thus every nontrivial element of finite order in G ∩ M has the form u i v j where i = 0 and 0 < j < m is odd. Since ν| v is injective and
. In other words, t n/2 is an odd power of v = t (n,A) in t ∼ = Z n . Now we find that u 2 = y 2g and uv j = y g t n/2 lie in G ∩ M and since u ∼ = Z,
For the proof of the following, note that virtually free groups are either large or virtually abelian and that the free product of two nontrivial cyclic groups is large unless both cyclic groups are of order 2 [42] and so the free product is virtually cyclic. ) . Let E and G be as defined at (9) . Then E (and hence G) is either large or is virtually abelian.
Corollary 22 (The Tits alternative
Proof. If A ≡ 0 mod n then E ∼ = Z n * Z |r−s| and if rs = 0 then E ∼ = Z n * Z |r| or Z n * Z |s| so we may assume that A ≡ 0 mod n, hence m ≥ 2, and that rs = 0. By Theorem A(b) we may assume r m = s m and then by Theorem 21(a) we may assume g ≥ 2. By killing y g , we see that E maps onto Z n * Z g so we may assume g = n = 2, and therefore
, which is the (virtually Z × Z) fundamental group of the Klein bottle.
Free products and Metacyclic Groups in the Class M
We now prove Theorem C.
Proof of Theorem C. The group E acts on the acts on the standard graph T associated to the amalgamated free product decomposition (11) . When g = (r, s) = 1 this decomposition takes the simplified form E ∼ = t * t (n,A) =v M . As in [21, page 13] , the standard graph has vertices and edges determined by coset spaces:
Given w ∈ E, the edge w v ∈ Edge(T ) has endpoints w t and wM . The action of E is by left multiplication on cosets and the normal form theorem for free products with amalgamation amounts to the fact that T is a tree [21, I.7.6].
The E-action on T restricts to an action by the cyclically presented group G and the Structure Theorem for groups acting on trees [21, I.4.1] describes a splitting of G as the fundamental group of a graph of groups where the underlying graph is the orbit graph G\T . In particular, since the intersection G ∩ t = 1 is trivial, in the present situation the group G acts freely on the edges of T and the Structure Theorem implies that G is the free product of the vertex groups together with the fundamental group π 1 (G\T ) of the orbit graph, which is a free group.
Consider the orbit map q : T → G\T . Taking H = t , v , and M in turn, we must consider the G-action on the coset space E/H. The set of orbits of the G-action on E/H is the double coset space G\E/H, which is in bijective correspondence with the finite coset space t /ν f (H). Thus the orbit graph is finite. Moreover it follows that the group G acts transitively on the vertices of T of the form w t . Similarly, the number of vertices in G\T of the form
Thus the Euler characteristic of the connected orbit graph is χ(G\T ) = 1 + (n, A, f ) − (n, A) and so its fundamental group is free of rank 1 − χ(G\T ) = (n, A) − (n, A, f ).
We now describe the G-stabilizers of representatives for each G-orbit on the elements of T . We have already noted that Stab G (1 t ) = G ∩ t = 1 and it follows that Stab G (w v ) = 1 for each w ∈ E. For w ∈ E, the G-stabilizer of the vertex wM ∈ Vert(T ) is G ∩ wM w
In the graph of groups decomposition of G, there are thus (n, A, f ) vertex groups isomorphic to the intersectionḠ = kerν
It remains to show thatḠ has the presentation given in the statement.
We setΓ = kerν
Since (α, m) = 1 and (r, s) = 1 Lemma 6 gives that the groupΓ is cyclic of order |r m − s m | generated by u so has the presentation B(r m − s m , 1, 1, 1). This provides the required presentation in the case f = 0 so now assume f = 0.
Let N =Γ ∩Ḡ = (Γ ∩ G) ∩ M ; then N is normal in M and is cyclic, being a subgroup ofΓ. Further,Ḡ/N =Ḡ/(Γ ∩Ḡ) ∼ = (Γ ·Ḡ)/Γ soḠ/N is a subgroup of M/Γ so is cyclic. Now
. HenceḠ/N is cyclic of orderḠ/|N | = n(n, A, f )/((n, A)(n, f )) and soḠ admits a metacyclic extension
so it has a presentation of the form B( 
The hypothesis f (r −s) ≡ 0 mod n implies that n/d is a divisor of (r m −s m ) and so the exponent d(r m − s m )/n in this presentation is an integer; the exponent m/δ = (n,f n/(n,A)) (n,f ) so too is an integer. That the exponent dQ/n is an also an integer, or equivalently that Q ≡ 0 mod n/d, is less obvious, so we now explain this. The hypothesis f (r − s) ≡ 0 mod n implies that r ≡ s mod n/d. Since also rr ≡ 1 mod (r m −s m ) and n/d is a divisor of (r m −s m ) we have rr ≡ 1 mod n/d. 
giving the second relation of (14) . Next
Therefore η m/δ = u Q = ζ dQ/n , giving the third relation of (14) . Therefore, ifH is the group defined by the presentation (14) we have shown that there is a homomorphism φ :H →Ḡ given by a → ζ, b → η. To complete the proof we must show that φ is an isomorphism. Now bab −1 = a p so the normal closure of a inH is the cyclic group generated by a, which is of order at most d|r m − s m |/n. Further, the quotient ofH by this normal closure is b | b m/δ ∼ = Z m/δ soH has order at most (d|r m −s m |/n)(m/δ) = |Ḡ|. Therefore, if φ is surjective then it follows thatH ∼ =Ḡ so it suffices to show thatḠ is generated by ζ and η. We have η l ∈ N if and only if
That is, if and only if
That is, (ηN ) ∈Ḡ/N has order m/δ inḠ/N so the cosets N, ηN, . . . , η m/δ−1 N are distinct. In total there are |N |m/δ = |r m − s m |(n, A, f )/(n, A) = |Ḡ| elements in these cosets. Since also N is generated by ζ we have thatḠ is generated by ζ and η, as required.
We now turn to the proof of Corollary D. When (C) holds but (A) does not, the following lemma puts the group G n (x 0 x k x l ) in a form to which Theorem C can be readily applied.
Proof. As in [24] we shall write G n (k, l) = G n (x 0 x k x l ). As stated in [24, page 765] the given conditions imply that (n, k) = 1 or (n, l) = 1 or (n, k−l) = 1. By the symmetries of [24, Lemma 2.1(ii),(iv)] we may assume (n, l) = 1 and then by applying an automorphism of Z n we may assume l = 1 + 2n/3. Observe that
(where the superscripts correspond to isomorphisms given in [24, Lemma 2.1], or multiplying subscripts of the relators by −1). In particular
are all isomorphic to G n (n/3, 2n/3 + 1). Since (C) is true we have that 3k ≡ 0 mod n or 3(l − k) ≡ 0 mod n so for G = G n (k, 1 + 2n/3) we have k = n/3, 2n/3, 1, or n/3 + 1. If k = n/3 then we are done. If k = n/3 + 1 then G = G n (1 + n/3, 1 + 2n/3) and, as noted at (16), G ∼ = G n (n/3, 1 + 2n/3). Thus we need to consider the cases k = 2n/3, k = 1. These are the same case, however, since
so we may assume k = 2n/3, so G = G n (2n/3, 1 + 2n/3). Now since (A) does not hold we have that 2n/3 ≡ 0, 2 mod 3.
Suppose 2n/3 ≡ 0 mod 3; then 9|n. Then (1 + 2n/3, n) = 1 so the map x i → x (1+2n/3)i is an automorphism of G n (2n/3, 1 + 2n/3). This transforms the relators x i x i+2n/3 x i+2n/3+1 to x i x i+4n 2 /9+2n/3 x i+4n 2 /9+4n/3+1 , ie to x i x i+2n/3 x i+1+n/3 which are the relators of G n (2n/3, 1+n/3) which, as observed at (15) , is isomorphic to G n (n/3, 1 + 2n/3).
Suppose then that 2n/3 ≡ 2 mod 3; then 9|(2n−6). Then (2n/3−1, n) = 1 so the map x i → x (2n/3−1)i is an automorphism of G n (2n/3, 1 + 2n/3). This transforms the relators x i x i+2n/3 x i+2n/3+1 to x i x i+(2n/3)(2n/3−1) x i+(2n/3+1)(2n/3−1) , ie to x i x i+(2n−6)2n/9+2n/3 x i+(2n−6)2n/9+4n/3−1 , ie x i x i+2n/3 x i+n/3−1 , which are the relators of G n (2n/3, n/3 − 1), which as observed at (15) , is isomorphic to G n (n/3, 1 + 2n/3).
Proof of Corollary D. Let G = G n (x 0 x k x l ) where (n, k, l) = 1 and suppose that (C) holds. (i) Suppose that (A) does not hold and k ≡ 0, l ≡ 0, k ≡ l mod n. Then Lemma 23 implies that G is isomorphic to G n (x 0 x n/3 x 1+2n/3 ) which is the group G n (w) with w as given at (6) with parameters (r, n, s, f, A) = (2, n, −1, n/3, 1). The hypotheses of Theorem C are satisfied and we have r n − s n = 2 n − (−1) n , (n, f ) = n/3,ᾱ = 1,r = (−1)
, where p = 2 n(n−1)/3 . It remains to show that p is congruent to 2 2n/3 mod (2 n − (−1) n )/3. Working to this base, we have 2 n − (−1) n ≡ 0 so 2 n ≡ (−1) n and hence 2 n(n/3−1) ≡ (−1) n(n/3−1) ≡ 1. Therefore 2 n(n−1)/3 = 2 n(n/3−1) 2 2n/3 ≡ 2 2n/3 , and we are done. (ii) Suppose that k ≡ 0, l ≡ 0 or k ≡ l mod n. Then since (n, k, l) = 1 it is easy to see that G ∼ = G n (x 2 0 x 1 ) which is the group G n (w) with w as given at (6) with parameters (r, n, s, f, A) = (2, n, −1, 0, 1) so by Theorem C we have that
Suppose that (C) holds and (A) does not. Then, as explained in [24, page 763], we have that
Setting n = 3m, r = 2, s = −1, f = m, A = m + ǫ and comparing the defining relator x 0 x m x ǫ with the word shape (6) we see that G lies in the class M. Since (A) holds we have that A = m + ǫ ≡ 0 mod 3 so we write A = 3j. Since (m, j) = (3j − ǫ, j) = 1 we have that (n, A) = (3m, 3j) = 3 and (n, A, gf ) = (3m, 3j, m) = 1. In addition we have n(n, A, gf ) = 3m = (n, A)(n, gf ) as in condition (13) . By Theorem C it follows that G ∼ = Z γ * F k where γ = µ(n, A, f )/(n, A) = (2 m − (−1) m )/3 and k = (n, A) − (n, A, f ) = 3 − 1 = 2.
Fixed Points for the Shift on Finite Groups G in the Class M
We now prove Theorem F.
Proof of Theorem F. Since G is finite and nontrivial, Corollary B implies that (n, A) = (r, s) = 1. Both G and Γ (see (9) ) are left Z n -sets under the action of their respective shifts, which we denote by θ G and θ Γ respectively. By [7, Lemma 2.2], both G and Γ are isomorphic as Z n = t -sets to the coset space E/ t with its natural left action via multiplication in E. Thus G and Γ are isomorphic as Z n -sets, and so given j modulo n, there is a bijective correspondence between the fixed point sets Fix(θ j G ) and Fix(θ j Γ ). (Note that although these fixed point sets are subgroups within E, the bijection referred to here is not generally a group homomorphism.) Next, the fact that (n, A) = 1 implies that Fix(θ Since (r, s) = 1, Lemma 6 implies that Γ 0 is cyclic of order µ = |r n − s n |, generated by any of its generators x i ; further, we can choose integers a, b such that ar n + bs = 1. Setting β = r(s n−1 a + b), the proof of Lemma 6 (see [6, so again 5|n. Then 125 = |r n − s n | is divisible by |r 5 − s 5 | = |(s + 25ǫ) 5 − s 5 |, but the minimum value of |(s + 25ǫ)
5 − s 5 | is again greater than 125, so we have a contradiction.
In this article we have investigated structural properties of both finite and infinite cyclically presented groups in the class M. As noted in the Introduction, the class M encompasses many families of finite metacyclic generalized Fibonacci groups that were previously identified in the literature. Notable exceptions to this are the following families of groups: The groups H(2k + 1, 4, 2) were conjectured to be finite and metacyclic in [15] and this was proved in [9] . (The paper [9] also gives a formula for the group orders but this, and the last few lines of the proof, are incorrect.) The groups F (4l + 2, 4) were shown in [45] to be metabelian groups of order (4l + 1)(2 4l+1 + (−1) l 2 2l+1 + 1) with F (4l + 2, 4) ab ∼ = Z 5 × Z 4l+1 . It was later established in [48] that F (4l + 2, 4) and H(4l + 3, 4, 2) are isomorphic (therefore providing the orders of H(4l + 3, 4, 2)). The orders of the groups H(2k + 1, 4, 2), and the fact that they are metacyclic, are contained in [6, Corollary E], which provides that if n = 4 or 6, (m, k) = 1, and m = ±1 mod n, then the group J n (m, k) = t, y | t n , y m−k t 3 y k t 2 contains a unique normal, metacyclic (and cyclically presented) subgroup of index n and known order. In particular, considering the shift extension we have H(2k + 1, 4, 2) ⋊ θ Z 4 = J 4 (2k − 1, −2) and |H(2k + 1, 4, 2)| = (2k − 1)(2 2k−1 − (−1) (k+1)(k+2)/2 2 k + 1). There is an overlap between the cyclically presented groups in the class M and those covered by [6, Corollary E] , as well as between their shift extensions E(r, n, s, A) = t, y | t n , y r t A y −s t −A and the groups J n (m, k). For example, E(1, 2, −2, 1) ∼ = J 6 (1, 1) ∼ = Z 6 and E(2, 4, −1, 1) ∼ = J 4 (3, 1) ∼ = J 4 (3, −2) is a nonabelian group of order 60, with both E(2, 4, −1, 1) and J 4 (3, −2) serving as the shift extension of H(5, 4, 2) ∼ = Z 15 . However, such coincidences appear to be rare exceptions. The group J 4 (5, −1) = F (6, 4) ⋊ θ Z 4 is metacyclic of order 500; this essentially appeared in [15] , being a Z 4 extension of F (6, 4) of order 125. Elementary arguments show that 500 cannot be expressed in the form n|r n −s n | with n ≥ 2 and r, s = 0, so J 4 (5, −1) is not isomorphic to any group of the form E(r, n, s, A).
Given an arbitrary positive integer k, the cyclically presented group in class M corresponding to the parameters (r, n, s, f, A) = (k + 1, 2, ±k, 0, 1) is cyclic of order (k + 1) 2 − k 2 = 2k + 1 so every cyclic group of odd order occurs in the class M. Considering these two occurrences, when s = k the shift on the group Z 2k+1 is fixed point free, while if s = −k then the shift acts as the identity. Thus although the order of the shift extension |F (6, 4) ⋊ Z 4 | = 500 does not occur as that of the shift extension of any group in the class M, the group order |F (6, 4)| = 125 does occur as the order of a group in the class M. However, Example 24 shows that the only group of order 125 that occurs in the class M is cyclic. The fact that F (6, 4) is nonabelian therefore implies that F (6, 4) itself does not occur in the class M. Alternatively, one can use Corollary E to prove that no cyclically presented group in M can simultaneously have order 125 and abelianisation Z 5 × Z 5 (the abelianisation of F (6, 4) ), so the group F (6, 4) is not in M.
With the evidence so far considered, it remains possible that the only finite groups in the class M that have orders equal to those of the finite generalized Fibonacci groups occurring in [6, Corollary E] are finite cyclic. Further, we suspect that the only nontrivial finite cyclic groups that occur in [6, Corollary E] are Z 5 (eg F (2, 4)), Z 15 (eg H(5, 4, 2)), or Z 13 (eg H(4, 6, 3)). If both of these statements are indeed correct then it would follow that there are precisely three nontrivial finite groups that occur both in the class M and in [6, Corollary E] .
